Analyzing the quantum tunneling probability of a Schwarzschild black hole with a negative log-area correction to Bekenstein-Hawking entropy, I argue that this correction may be closely related to a black hole remnant. The value for the minimal black hole mass is also discussed.
Enlighten by the tunneling scenario [1] , Arzano, Medved and Vagenas recently discussed the tunneling probability of a Schwarzschild black hole with the entropy
where ρ is a parameter, which is determined by the model considered. It is generally believed that ρ is negative, if the log-area term is attributed to the effects of quantum gravity. However, this leads to a difficult: the tunneling probability
becomes divergent when the energy of the emitted particles approaches the black hole mass(ω → M ). Thus an arbitrary big black hole could vanish in an instant, which is certainly unacceptable.
It has been argued that the problem can be solved by introducing a canonical correction [2] , since it compensates for the effect of the negative ρ. The motivation of this research is to find another possibility of regularizing the explosive tunneling probability. As argued in the following, the black hole remnant is a possible answer. In this note, we set ρ = −α, and then the corrected entropy of a Schwarzschild black hole can be rewritten as
where α > 0. Correspondingly, the tunneling probability is rewritten as
which can be bounded by imposing a stricter constraint on the energy of the emitted particles,
Since ω ≥ 0, the above inequality means that the black hole mass is required to be greater than a certain scale. In other words, the black hole has a ground state with "zero point" energy M c .
If so, we must answer two questions: what is the value for M c ? how is it associated with the log-area correction?
One of the evidences for the black hole remnant comes from a heuristic argument about the black hole thermodynamics modified by the generalized uncertainty principle [3] . In order for the entropy to be real, the black hole mass must satisfy M ≥ λ, where λ is a parameter which denotes the quantum gravity correction to Heisenberg's uncertainty principle. The correction to
Bekenstein-Hawking entropy is related to the parameter λ, although it is not the strict log-area type. This enlightens us that the black hole remnant should be closely related to the correction to entropy, if both are attributed to quantum gravity effects. Let us first follow the line of argument of Ref. [3] , and make an observation on the heat capacity of a Schwarzschild black hole with the log-area correction. Starting from (3), we obtain the inverse temperature as follows
and then the heat capacity is given by
at which the heat capacity vanishes. According to the argument of Adler et al [3] , the vanishing heat capacity implies a black hole remnant. 1 the minimal mass of the black hole may be given by (8). However, this argument is more or less speculative, because the temperature is ill defined (T = ∞) at the critical point. Furthermore, the physical meanings of some thermodynamical quantities become unclear, when the black hole evaporation enters the last stage dominated by quantum gravity effects. Therefore the temperature (6) and the heat capacity (7) may be lost to their usual senses when the black hole mass is close to the critical value. The physical significance of the critical mass M c should be revisited by analyzing the black hole's tunneling probability, within the framework of quantum mechanics.
The necessity for the black hole remnant is based on the analysis of the divergent behavior of the tunneling probability. In fact, (4) is based on the following formula[1]
where the prefactor M f i denotes the amplitude of the process from an initial state |i to the final state |f . exp(S f − S i ) is the phase factor, which is determined by the difference between the entropies of the initial and final states. 2 Obviously, Γ → ∞ as S f → ∞. However, the divergence of the entropy of final state is attributed to two hidden assumptions: (i) the black hole mass can be arbitrary small; (ii) the entropy formula (3) is always valid for the infinitesimal black hole. Concretely speaking, the formula (3) means
which leads to a trouble in explaining the origin of the explosive entropy when the black hole vanishes. Since the entropy measures the number of degrees of freedom, it is hard to understand 1 Recalling a system composed of large number of harmonic oscillators, the heat capacity also vanishes when the system is in the ground state. 2 According to Bekenstein and Mukhanov [4] , |M f i | is supposed to be a constant. It has also been shown that |M f i | equals unity [1] , if WKB approximation is valid. Except this, the more details of M f i are absent. So the conclusion of this note is mainly obtained by analyzing the phase factor. that infinite number of degrees of freedom can be confined in an object whose energy is almost zero. Obviously, the trouble is attributed to the assumption that black hole mass is arbitrary.
The problem can be solved if the minimal mass black hole is nonzero. It also means that there is a mass scale below which the entropy formula (3) is invalid. This critical mass corresponds to a black hole remnant. In the following discussion, I argue that the value for the critical mass may be given by (8).
When a particle with energy ω escapes from the black hole horizon, the tunneling probability is determined by (4), and it can be rewritten as
where x = ω/M . On one hand, there is a mass scale below which the above formula fails. On the other hand, the tunneling probability should be bounded when the black hole mass is greater than this scale. This implies the following inequality
which is certainly the simplest manner to bound the tunneling probability. However, it is also based on such a consideration: the black hole entropy should decrease when the particles escape from the horizon, otherwise we are in trouble of the infinite number of degrees of freedom as M → 0. Furthermore, the inequality (13) ensures the positivity of the black hole temperature. 3
Considering the inequality
we have
we obtain
However, (13) is weaker than (17), it is necessary to consider the following inequality
and then
.
At first sight, (17) is very different from (19). However, it is interesting that both inequalities mean a same constraint: M ≥ M c = α/4π, which ensures the positivity of ω. Substituting the value for the least mass into the inequality (13), we obtain
where x = ω/M = ω 4π/α. Considering the following series
the inequality (20) becomes
which is valid only if x = 0 or ω = 0. This is a dramatic result. In other words, no particle is emitted when the black hole mass approaches the critical scale.
Following from the third law of thermodynamics, the entropy vanishes (or approaches a constant) when an object is in the ground state. It is also expected that the entropy approaches a minimum when the black hole ceases evaporating. Thus the minimal probability should be attributed to the process that the black hole jumps to its ground state. As an evidence, the tunneling probability without the log-area correction is considered in advance, which is given by [1] Γ * ∼ exp(∆S BH ),
where
Energy conservation requires the energy of the emitted particles satisfy ω ≤ M . When the upper bound of ω is saturated, the tunneling probability approaches a minimum as follows 
It is just the case! One can easily find that (26) satisfy the ansatz
Correspondingly, the minimal probability is given by
is a constant which is directly related to the coefficient of the log-area correction. Except this constant, the formula (28) has the same form as (25), and the probability of transition to the energy level M c is only determined by the initial black hole entropy. This similarity implies that M c plays the role of the "zero point" energy of black hole, which is exalted to a nonzero value when the negative log-area correction to Bekenstein-Hawking entropy is considered.
In summary, this note makes some observations on the black hole evaporation with a 
